We study the effective low energy supergravity of the strongly coupled heterotic string compactified on a Calabi-Yau 3-fold with generic E 8 × E 8 gauge bundle. We focus on the effective potential for the chiral scalars. The effective superpotential can be studied using the dual 11-dimensional M-theory background involving insertions of M5 branes along an interval. In such backgrounds, in some regions of moduli space, the leading nonperturbative contributions are due to open membrane instantons. These instantons lead to both attractive and repulsive forces between the 5-branes and the orientifold "M9-branes," depending on the region of moduli space. The resulting dynamics on moduli space include a strong coupling dual to the Dine-Seiberg instability, in which the interval grows. We discuss conditions under which the 5-branes are attracted to the wall and comment on the relevance of these results to the study of chirality-changing phase transitions in heterotic M-theory.
Introduction
In the past few years there have been significant advances in the study of strongly coupled heterotic string theory, thanks to the formulation in terms of M-theory on an interval S 1 /Z 2 [1, 2] . In particular, the compactification of M-theory on a product of an interval with a Calabi-Yau 3-fold (denoted hereafter by X ) leads to qualitatively different physics from that of the weakly coupled heterotic string, as first noted in [3, 4, 15] .
In heterotic string compactification one must choose an instanton configuration for gauge fields along X . The so-called "standard embedding" identifies the gauge field with the spin connection of the metric. Other choices of gauge instantons, the so-called "nonstandard embeddings," are closely related, in the strongly coupled regime, to backgrounds obtained by including insertions of M5-branes wrapping a product of 4-dimensional spacetime with a holomorphic curve Σ in X . At low energies, the physics of such backgrounds is summarized by a complicated d = 4, N = 1 supergravity theory. It has been shown in [16] - [20] that such backgrounds can lead to phenomenologically interesting gauge groups, and it is therefore of interest to understand more completely the full low energy supergravity in such backgrounds.
While several aspects of the effective Lagrangian have been worked out in [3, 4] , [16] - [20] , [51, 52] (for a review see [45] ) the Lagrangian is extremely complicated, and many details remain to be understood more thoroughly. The present paper derives some further aspects of the low energy Lagrangian. Our main result is a formula for the potential energy for the moduli fields, valid in certain regions of moduli space. The detailed expression is given in eq. (102) et. seq. below, for the case when there is a single 5-brane insertion and h 1,1 (X ) = 1. Since the derivation is rather long we explain here a few of the ingredients of this formula.
The chiral scalars in d = 4 supergravity take values in a target space which is Kähler-Hodge. These fields correspond to moduli for the Calabi-Yau metric on X , moduli for the instanton gauge field along X , and moduli for the positions of the M5 branes along the interval. In addition there are chiral fields charged under the gauge group H left unbroken by the E 8 × E 8 instanton. These will generically be denoted by C I .
The superpotential W is a section of a line bundle on the Kahler-Hodge target space for the chiral scalars. There are several sources for the superpotential in the effective supergravity. First of all, there is a perturbative term, cubic in the scalars C I . In addition, there are several sources of nonperturbative effects. Some of these, such as heterotic worldsheet instantons, gluino condensation, and M5 instantons (wrapping X ) have been studied in many previous papers [6] - [15] . The inclusion of the effects of open membrane instantons, which have not been studied as thoroughly, is the main focus of this paper.
There are three kinds of open membrane effects we must consider, since M2 branes can end both on M5-branes, or on the boundary "M9 brane" [28, 29] . Membranes stretching between the boundary M9-branes are the M-theory versions of heterotic worldsheet instantons, and as such have been studied in the context of (0, 2) compactifications of heterotic string backgrounds [13, 14] . It is well-known that such effects often sum to zero, e.g., in backgrounds admitting a description by a linear sigma model [21, 22, 23] . The mechanism by which these contributions vanish is that a given homology class can contain many different holomorphic curves in X . The instanton action depends only on the homology class, but the prefactor depends on the curve, and the sum of instanton amplitudes can, and often really does, vanish, as can already be seen in the case of the quintic. By contrast, the M2
instantons stretching between M5 and M9, or between M5 and M5 must wrap the particular holomorphic curve Σ already wrapped by the M5 brane. This is obvious for the part of the membrane worldvolume ending on the 5-brane. A study of the conditions for the supersymmetric instanton (based on [7] ) reveals that the membrane must have a direct product structure Σ × I where I is an interval and Σ ⊂ X is a holomorphic curve. (The detailed argument is given in section 3 below.) Consequently, if Σ is a rigid holomorphic curve in X there will be no sum over instantons, and no integral over the moduli space for the curve.
Moreover, if Σ is a rational curve there will be precisely two fermion zeromodes and the fermion 2-point function determining the superpotential will be nonzero. (Our calculation of the induced superpotential uses the technique discussed in [6, 7, 8] .)
The backgrounds we study are in a regime of M-theory where we can do systematic expansions in the long wavelength expansion. It follows from [1, 2, 3] that this is an expansion in R/V 2/3 where R is the length of the interval S 1 /Z 2 and V is the volume of X in 11-dimensional Planck units. We therefore assume R/V 2/3 ≪ 1. Now, gluino condensation and Our goal is to understand the physics of the moduli in heterotic M-theory, so we need the potential, rather than just the superpotential. The potential energy for scalars in d = 4, N = 1 supergravity is given by the famous formula [40, 39] (κ 4 )
where 2κ 2 4 = 16πG N is the (four-dimensional) Newton constant, K is the Kähler potential, D i W = ∂ i W + ∂ i KW is the covariant derivative, and U D are "D-terms" for charged scalars
The potential (1) is extremely complicated. Moreover, K is only approximately known only in some regions of moduli space. We are therefore forced to consider perturbation expansions in several quantities. First, we will expand in two dimensionless parameters
which are necessary for the validity of the geometrical 11-dimensional picture (more precise formulae appear in eq. (11) below). Note that these imply that V ≫ 1 and R ≫ 1, and that the length of the interval is much larger than the scale set by X . In addition we must expand in powers of the charged scalars C I . The superpotential is a sum of two terms
where W pert is a cubic expression in the charged scalars C I with coefficients that are functions of the complex structure and bundle moduli. We can organize the terms according to whether they are order 0, 1, or 2 in W nonpert :
We will now describe the leading expressions for the three terms in (3) in the case of a
Calabi-Yau X with h 1,1 (X ) = 1 together with a single 5-brane, inserted at x, where 0 ≤ x ≤ 1 labels the position of the 5-brane along the M-theory interval. In addition to the charged scalars C I the relevant chiral superfields are the "volume superfield" S = V + iσ, which determines the GUT coupling, the "Kähler superfield" T = Ra + iχ, where a is the Kähler modulus for X (hence V ∼ a 3 ), and the "position superfield" Z = Rax + iα for the 5-brane.
The fields σ, χ and α are axions.
The first term, U 0 , in (3) begins with the perturbative contribution to the potential. The leading order expression in an expansion in the charged scalars is a positive semidefinite quartic form:
Here J := Ra. The coefficients U IJKL are functions of the complex structure and bundle moduli. We will give precise formulae for them, but will not be very explicit about their behavior.
The leading contribution to the second term in (3) is a one-instanton term resulting from cross terms between the perturbative and nonperturbative superpotentials. We find that the single instanton contribution has the form
The coefficients U IJK are functions only of the complex structure and bundle moduli.
Finally, the third term U 2 in (3) begins with a 2-instanton effect
where E is a positive definite function that depends only on the complex structure and bundle moduli. (We have kept some subleading terms in the second line. The reason for this is explained in detail in sections 5.4 and 5.5.)
A precise characterization of the region of validity of the above potential is given in section 5.4 below. The strongest constraints on the region of validity come from our ignorance of the exact Kähler potential. It is also important to bear in mind that the coefficients of the higher order terms in the expansion in
are functions of the complex structure and bundle moduli. If these coefficients become singular somewhere in the moduli space then these "higher order" terms will dominate the physics. Our working assumption is that we are at a generic smooth point in bundle and complex structure moduli space.
Having determined the leading nonperturbative effects, and thereby the potential energy, we investigate briefly some of the resulting classical dynamics on moduli space, at a somewhat heuristic level. Although the M5 branes wrap all of spacetime, thanks to the central term in the superalgebra, their positions along the M-theory interval are in fact dynamical variables. In the regions where we can trust our answer we find two kinds of instabilities in the compactification, depending on whether the effects of vevs of the charged scalars C I are important or not. When the charged scalar vevs are important, the leading x-dependent effect is a one-instanton effect. The axions will evolve to produce an attractive force between the M5 brane and the nearest M9-wall. This could possibly be interpreted as a consequence of the Witten effect: the axions evolve and continuously change an effective brane charge in order to produce "the most attractive channel," in particular producing an attraction between the 5-brane and the boundary. It would be interesting to understand the physics of this effect more fully.
The above discussion is valid for Jx ≫ 1. As the five-brane moves towards the wall the approximations break down. The limit x → 0 is extremely interesting and is related to the chirality-changing transitions discussed in [58, 44] . In order to study this limit one needs a multiple cover formula for the membrane instantons. This is discussed in section six below.
We make some educated guesses and conclude that the physics depends on the (unknown) details of the covering formula.
A second kind of instability occurs when charged scalar vevs are small or zero. In this case the potential has a local minimum in x at x = 1 2
. The value of U at such points is small and of the form
where γ is a positive function of the complex structure and bundle moduli. The M2 branes lead to a repulsive interaction between the M5-brane and the M9-brane which induces decompactification of both the M-theory radius and the Calabi-Yau, while the M5-brane moves to the middle of the interval. Of course, in this instability new light modes appear as the theory becomes five-dimensional, and we should describe a matching to a description in terms of five-dimensional supergravity. (As the M5 moves to the middle of the interval there is a balancing of forces from the two boundaries and the leading terms in U 2 vanish. This is why we must include the subleading terms.)
The second kind of instability is an 11-dimensional manifestation of the Dine-Seiberg problem; it is hardly unexpected, and in the case of the standard embedding similar insta-bilities have already been pointed out by Banks and Dine in [4] . Nevertheless, it is interesting to note that in the 10-dimensional Dine-Seiberg instability the size of the M-theory interval S 1 /Z 2 tends to shrink. There are thus different asymptotic regions of moduli space with qualitatively different dynamics, and hence different "basins of attraction" for the classical evolution of the moduli. One consequence is that there must be nontrivial stationary points for the potential in the middle of moduli space. The precise nature of such stationary points is of great interest, but remains out of reach so long as we cannot derive the Kähler potential in the interior of moduli space in a controlled approximation.
The paper is organized as follows. In section two we review briefly the M-theory geometry corresponding to strongly coupled E 8 × E 8 heterotic strings with "nonstandard embedding."
In section three we study supersymmetric M2-brane instantons in X × S 1 /Z 2 . In section four we derive the formula for the contribution to the superpotential from M2 instantons. In section five we find the potential and specify the region where we can trust it for the simplest case of a Calabi-Yau with h (1,1) = 1. In section six we discuss the multiple covering formula and its relevance to chirality-changing transitions. In section seven we generalize the result to the case of N 5-branes on the interval. The final section contains a discussion of some possible extensions of the present work.
We have been informed that the effects of open membranes in heterotic M-theory are also being investigated independently by B.Ovrut, E.Lima and R.Reinbacher.
Review of heterotic M-theory background with M5-branes on the interval
In this section we review some of the results of ( [3, 4] , [16] - [20] , [45] ) which are needed for our subsequent computations.
Our conventions for the Lagrangian of 11D SUGRA are set by the Lagrangian:
where
We have a different normalization of fields compared to ( [16] ). G here MN P Q = √ 2G [16] MN P Q , C
The Lagrangian of the boundary E8 × E8 theory is given by
where F (1, 2) are the field strengths of the two E 8 gauge fields, to leading order in a longwavelength expansion. In the above action and below tr means 1 30 of the trace in the adjoint of E 8 .
We begin by describing the background solution of M-theory on R 4 × X × S 1 /Z 2 . Our coordinates on R 4 are x µ , µ = 1, . . . , 4. Complex coordinates along X have indices m, m = 1, . . . , 3. The factor S 1 /Z 2 in spacetime has coordinate X 11 . In addition it will be convenient to set X 11 = πρy where y is a dimensionless coordinate 0 ≤ y ≤ 1, and ρ is a dimensionful constant which sets a scale.
We must now specify the metric, four-form G 4 , and boundary Yang-Mills fields. In order to write the background metric we introduce a basis of harmonic (1,1) forms on X ,
. . , h 1,1 and denote the Kahler form on X by ω = a i ω i . Then, the background metric is a deformation of a metric of the form
In this formula R is dimensionless and Rρ is the orbifold radius. Similarly, we introduce a fiducial, dimensionful, volume v for X , and the volume of X in the metric (9) defines the dimensionless parameter V by V v := 1 3! X ω 3 . We will make a convenient choice of ρ, v in eq. (12) below; they will be of the order of l 11 , l 6 11 and are independent of moduli. Because of the Weyl-rescaling in the first term in (9) , g µν is the four-dimensional Einstein metric and the four-dimensional Newton constant is given by
As we have mentioned, the actual metric we will use is a deformation of eq. (9), and is only known to first order in a power series in two dimensionless expansion parameters
6 √ 2C [16] MN P . We use the convention 2κ
, and define the 11-dimensional Planck length by
Our signature is mostly plus.
where we choose the constants
in order to simplify the normalization of the fields in the effective Lagrangian.
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The above inequalities (11) state, firstly, that the distortion of the background from (9) is small, and secondly that the interval is much larger than the length scale of X .
These expansion parameters can be related to the GUT scale and the 4-dimensional Newton constant [3, 4] . In our conventions the unified coupling , and for this reason we will adopt it.
To lowest order in the expansion parameter the metric for the background takes the form
The deformation of the background is described by the (1,1) form B nm . In order to write it explicitly we must now introduce the M5 branes.
The backgrounds we study preserve N = 1 supersymmetry. Therefore the 5-branes wrap a product of spacetime and a holomorphic curve in X . If there are N 5-branes they will therefore have definite locations at y = x k , k = 1, . . . , N along the interval. The k th 5-brane wraps a curve Σ (k) in X whose homology class may be expressed as [ 
The anomaly cancellation condition is then
In terms of the above data, the formula for B mm on the interval (x n , x n+1 ), n = 0, . . . , N is given by
where x 0 = 0, x N +1 = 1 and the index i is raised with the inverse of the metric on the moduli space of Kahler structures on X :
with
The choice of integration constant in the solution (16) fixes V v to be equal to the volume of X averaged along the interval (to lowest order in E ef f ).
The flux of the 4-form G 4 is also given in terms of B:
Note that it is discontinuous across the positions of the 5-branes.
Finally, we need to specify the E 8 gauge bundles V 1 and V 2 . For simplicity we will follow [17] and take the bundle V 2 at y = 1 to be the trivial bundle. Accordingly, there is a "hidden sector" at y = 1 with unbroken E 8 gauge group. The bundle V 1 at y = 0 has an instanton whose holonomy lives in a subgroup G ⊂ E 8 . The unbroken gauge symmetry is the commutant H of G in E 8 . It is straightforward to extend our formulae to the case when both V 1 and V 2 are non-trivial bundles.
When we compactify M-theory on the above background, the physics at distances large compared to the M-theory interval is described by an effective d = 4, N = 1 supergravity theory. We now list the massless fields corresponding to small fluctuations around the above background. In addition to the superYang-Mills and supergravity multiplets there are a number of massless chiral scalar fields. To begin with, there are chiral superfields neutral under four dimensional gauge group H. These are:
σ is a scalar dual to C µν11
and Z n is a holomorphic coordinate constructed out of the position x n of the n-th 5-brane on the interval. The scalar A n originates from the KK reduction of the 2-form living on the n-th 5-brane
We have included the factor πρ in the above formula to make A n dimensionless. In eq. (23) f * n (ω) is the pullback of the Kahler form to the cycle Σ (n) 2 . We denote by f n the holomorphic embedding of the curve Σ (n) 2 in X . The pullback of each of the basis forms f * n (ω i ) is proportional to the pullback of the Kahler form ω 
The charged scalars will be valued in ⊕W R ⊗ H 0,1 ∂ (X, V S ). In order to work out the KaluzaKlein reduction we decompose the gauge field as:
In (25) a summation is taken over the indexÎ which labelŝ
The normalization factor in (25) was chosen to make the charged scalar fields CÎ dimensionless and to normalize their kinetic term conveniently.
When writing the perturbative superpotential below it will be convenient to define
where x is an index for a basis for the representation S and u x Im is a basis of
The factor T xp is purely group-theoretic and corresponds to the generators of E 8 in the representation R ⊗ S. The complex conjugate of these generators is denoted by T xp and the normalization is chosen such that tr
We are not going to study four-dimensional gauge dynamics in this paper. This has been studied, for example, in [3, 4, 17] . For completeness, and to fix our normalizations, we also
give the gauge kinetic term in the 4D Lagrangian
where on the brane at y = 0
and on the brane at y = 1
Note, that due to the restrictions (11) on the moduli space,
Open M2-branes ending on an M5 brane will play a crucial role in our calculation of the non-perturbative potential. These nonperturbative effects were first discussed in [28, 29, 42] .
In this section we will derive the conditions for a supersymmetric open M2-brane instanton in the background described in the previous section. We will neglect the distortion of the background metric from a direct product metric in solving for the membrane configuration.
This is valid in our approximation scheme.
The first step in finding the supersymmetric M2 configuration is to write the constant spinors corresponding to the supersymmetries unbroken by the background. We use a basis for the Γ-matrices in eleven dimensions of the form
nm CY (30) where (γ m )
T and γ µ is a weyl-basis in 4D.
Four dimensional anti-chiral ( chiral) spinor indices are denoted by α (α) respectively. In this basis the surviving supersymmetry in the background X × S 1 /Z 2 is of the form:
where ǫα, ǫ α are constant spinors on
covariantly constant spinor on X , normalized as in [7] :
Here ω is the Kahler form, Ω is a holomorphic (3,0) form on X and K = 1 2
with both Kahler functions K T and K cplx specified in section (5.2).
The surviving supersymmetry is consistent with having 5-branes wrapped over a holomorphic cycle Σ ⊂ X , as shown in [16] . One cannot have anti-5-branes on the interval and preserve supersymmetry.
The presence of an M2-brane imposes an additional constraint on the supersymmetry parameter ǫ
where, (see for example [7] ),
In formula (34) s i , i = 1, 2, 3 are coordinates on the world-volume of the M2-brane, XM ,M = (µ, m, m, 11) are coordinates in the eleven dimensional target space and g is the determinant of the induced metric on the M2-brane.
Substituting (31) into (33) we find, first of all, that spinors of type ǫ α ⊗ ǫ 2 lead to
Since the spinors ǫ 1 , ǫ 2 , γ m ǫ 1 , γ m ǫ 2 are linearly independent we get four equations
The constraints (36, 39) are automatically solved by the embedding
where t = s 3 is a coordinate along the orbifold interval and y, y are coordinates on a holomorphic 2-cycle. This is our basic instanton.
We claim that if the holomorphic curve Σ ⊂ X is isolated then the above membrane instanton is also. Moreover, we claim that the above instanton is the only instanton solution consistent with the boundary condition of having the M2 brane ending on Σ. Indeed, let us consider the possibility of having M2-branes starting and ending on holomorphic cycles inside X which differ from a direct product Σ × I. Therefore we search for t-dependent embeddings
In this case equation (39) is not satisfied automatically and gives the constraint
Taking the i = y, j = y component of this equation and evaluating it at the boundary t = x 1 or t = x 2 shows that the volume of the holomorphic cycle must be zero.
We conclude that an open M2-brane which starts and ends on a positive volume holomorphic curve preserves some supersymmetry iff it has the direct product form Σ × I.
One can quite analogously prove that an M2-brane which starts and ends on a holomorphic curve should have the direct product form
in order to preserve the other components ǫα ⊗ ǫ 1 of the background supersymmetry.
Note that since the M2-brane instanton must start and end on the same 2-cycle in X there is a requirement on the 5-brane charges β
described in section 2 in order for there to be an M2-instanton stretched in the interval [x n , x k ].
Calculation of membrane-instanton-induced superpotentials
In this section we will give the derivation of the non-perturbative four-dimensional superpotential ∆W induced by open membranes.
We follow the procedure outlined in [7, 8] . The idea is to compute the 2-point correlation function of four-dimensional fermions with the instanton sector included in the supergravity path integral. An essential ingredient of this calcultaion is the coupling of the four-dimensional fermions to the world-volume degrees of freedom of the membrane through the so-called "membrane vertex operators." The computation of the superpotential follows from a computation of a 2-point correlation function of fermions in the four-dimensional effective theory χχ inst , where χ are fermionic superpartners of Z. This in turn can be reduced to a membrane path integral with corresponding vertex operator insertions.
Summary of the computation of ∆W
Since the analysis is rather long let us summarize the computation here. Most of the work is devoted to finding the vertex operator, but the end result is very simple. The membrane theory has a chiral doublet of fermions ϑα transforming in the 2 of the 4 dimensional Lorentz group. These couple to the chiral fermions χα in the superfield Z via the vertex operator
Using the above coupling we can compute χ(ξ 1 )χ(ξ 2 ) in an instanton sector to be
Here ξ 1 , ξ 2 are points in four dimensions and S F is the 4-dimensional fermion propagator in the effective d = 4, N = 1 supergravity. This expression for the propagator is only valid for
The integral of ξ µ in eq. (42) should be regarded as an integral over the bosonic zero modes X µ = ξ µ of the M2-instanton. The integral over the 2 fermion zero-modes ϑ 1 , ϑ 2 , on the M2-brane soaks up the ϑα from the vertex operator. There are no other zero modes because the curve Σ is a rational curve and hence has no extra zeromodes associated with 1-forms. The prefactor hΦ stands for determinants of fluctuations in 11-dimensional supergravity together with 5-branes around the background (13, 19) , together with determinants associated with the degrees of freedom for the M2 instanton. While it is very complicated one can use holomorphy to extract the factor he −Z , which depends holomorphically on the moduli. The factor h is a holomorphic section of a line bundle over complex structure moduli space and should properly be regarded as the true measure for the fermion zeromodes. In this paper we will not be very explicit about it.
We can now extract ∆W by comparing (42) with the 2-point correlation function in the effective 4D supergravity
which is equal to
where we drop corrections of the order
Ra to the mass term for a chiral fermion in the 4D, N=1 Lagrangian [40, 39] .
Using holomorphy of the superpotential it now follows that
For the M2-brane stretched between the 5-brane and the other 9-brane at y = 1 analogous considerations give
Computation of the vertex operator
In this section we describe the computation of the vertex operator.
The vertex operators can be found by expanding the action of the M2 brane in the Mtheory background fields. The action of an M2-brane ending on an M5-brane was written in [35] , using the superembedding approach of [30, 31] . In this approach the basic ingredients are:
• An (11|32) supermanifold M, giving the 11-dimensional supergravity background. The supercoordinates are denoted by Z M = (XM , Θρ). whereρ is an index in the irreducible spinor representation of so (1, 10) . Using the torsion constraints of [32] on the supervielbein one can expand an orthonormal frame for the cotangent space in powers of Θ. The expansion at low orders in Θ has been worked out in [8, 34, 9] .
It is convenient to introduce the notation for the vielbein:
where in the second equality we have separated bosonic and fermionic cotangent vectors.
• A (6|16) supermanifold M describing the world-volume of the M5-brane. We denote supercoordinates on the worldvolume by z M = (y M , ϑ ρ ) and a cotangent frame on M by e A (z). A decomposition of the frame analogous to (47) is given by
The index a = 0, 1, ..., 5 is the index of the vector representation of so(1, 5), while β and q are the indices of irreducible spinor representations of so(1, 5) and so(5), respectively.
• A (3|0) manifold Σ, to be identified with the membrane worldvolume. The boundaries of Σ lie inside M or in ∂M. We denote the coordinates on Σ by s i , i, . . . , 3. Coordinates on the boundary surface are denoted by σ r , r = 1, 2.
The relation of the pullback of the 11-dimensional supervielbein to the 5-brane to the supervielbein of the 5-brane itself defines the "embedding matrices" E A A via the equation
One may solve for these matrices in terms of the vielbeins
The basic superembedding condition then says that
This simple equation is extremely powerful, it leads to a complete set of covariant equations of motion for the 5-brane [30, 31] .
The action of an M2-brane ending on an M5-brane, in Euclidean signature, is [46, 35] 
Here under the embedding f :
while the pullback under the embedding φ :
We specialize the action (52) to the case of an M2-brane stretched between y = 0 and y = x in the background described in section 2. The membrane is a product Σ × [0, x] so it is convenient to define coordinates on the membrane s i = (t, σ,σ) where t is a coordinate on the interval and σ is a holomorphic coordinate along the curve Σ. The embedding coordinates of Σ into (11|32) superspace
have the following structure. First, the interval coordinate
has an important correction quadratic in fermions, while the coordinates
describe the holomorphic embedding. The coordinate X µ 3,11 (s) is unconstrained. The fermions Θ 3,11 (s) satisfy the physical gauge condition
We have omitted the coordinates describing fluctuations of the membrane within X since we will restrict our consideration to an isolated curve Σ and hence these degrees of freedom will be massive.
The origin of the correction in (54) is continuity of embedding coordinates in superspace.
That is, the embedding of the membrane into 11-dimensional superspace (3|0) → (11|32) must agree, on the boundary, with the embedding of the 5-brane into superspace (6|16) → (11|32) since the membrane ends on the 5-brane in superspace. We now derive this condition in more detail.
We choose bosonic coordinates on the M5-brane as y M = (y µ , y, y) where y µ are real and y is complex, and consider the static embedding of the boundary of the M2-brane into the M5-brane
The superembedding (6|16) → (11|32) is described by superfields
Small fluctuations around static gauge are described by embeddings
where ϑ is a fermionic coordinate in the (6|16) superspace. The superfields X m ′ (y, ϑ) and As was discussed, for example, in [31] , the basic superembedding condition (51) imposes a relation on the superfields X m ′ (y, ϑ) and ψ(y, ϑ), such that
In particular, the superfield X 11 up to linear order in ϑ is
Recall that we introduced the factor πρ to make x dimensionless.
In the geometry of X , the spinors ϑ and ψ can be decomposed as
Out of the 16-component spinors we only keep those components given by the covariantly constant spinor along X . There are other physical degrees of freedom in the spinor ψ, but since we are considering a rigid curve in X only the above components lead to massless degrees of freedom.
In Euclidean space equation (60) becomes
where now chiral and anti-chiral spinors are independent from each other. (To give the meaning to the fermionic bilinears in Euclidean space, we first define them in Minkowskii space, where
where the spinors indices are lowered via ϑα := εαβϑβ. Then we continue to Euclidean signature by dropping the reality conditions in eq.(64).)
From eq. (54) and eq. (63) we see that X 
whereẎ (Y ) are chiral( anti-chiral) spinors indices on X .
One can identify zero modes living on the boundary of the M2-brane ϑα ⊗ ǫẎ 1 with the supersymmetry broken by the M2-brane. This is compatible with our considerations in section 3. Indeed, exactly these components of background supersymmetry are broken for the instanton described by the embedding eq.(54).
The bosonic part of the M2-action is
where, as in section two,
is the homology class of the boundary curve. Now, by evaluating the embedding matrices for an M5-brane up to linear order in ϑ and solving the equation in the (6|16) superspace ( see [35] )
we obtain the expression for B 
In solving equation (67) we have used constraints on the superform H. Specifically, we have used the condition that the only non-vanishing components of the superform H, in the basis e A , are the components H abc with all three bosonic indices. This was derived in [35] by requiring κ-supersymmetry of the action of an M2-brane ending on an M5-brane.
In (68) we have dropped terms containing derivatives of the fluctuating fields such as ∂ µ A, since these terms in the vertex operator will not contribute to the fermion two-point function we wish to compute. Now, from eq.(52) and eq.(68), and using the properties (32) of covariantly constant spinors on X , we evaluate the interaction between zero-modes of fermions living on an M2-brane boundary ϑα and fermions ψα to be
Note that the contribution to the interaction from the second boundary term in eq. (68) was cancelled by the term from the bulk, after integrating by parts, due to the presence of the piece in the embedding (54) which was quadratic in fermions.
The last step in deriving the "vertex operator" for the chiral fermion superpartner of Z, denoted χα, is to relate ψα and χα. To achieve this we consider a supersymmetric variation of Z with supersymmetry parameter (ǫα ⊗ ǫ 1 , ǫ α ⊗ ǫ 2 ). The result is
Equation (72) is a direct consequence of eq.(68) and the definitions (23, 66) .
Denoting by λ iα the superpartners of the bulk scalars T i , we get the desired relation
and hence the "vertex operator" for χα is
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The case of one M5-brane.
In this section we will discuss the scalar potential for the case of one M5-brane located at position y = x on the M-theory interval. The general formula has been quoted above in (1).
In order to evaluate this expression we need both K and W . We will describe first W and then K, and then put them together.
Superpotential
In the present setting the superpotential W can be written as a sum of 5 pieces
which have the following origins:
• W pert is the Yukawa superpotential for the charged chiral superfields, given in ( [47, 17] )
The Yukawa couplings are given by λÎ
1Î2Î3
= Ω∧u
and depend on the complex structure and bundle moduli, but are independent of T i and S. f
projects onto the singlet in R 1 × R 2 × R 3 ( if it exists), and Ω is a choice of nowhere zero holomorphic (3, 0) form on X .
• W 2 is the sum of two pieces coming from an M2-brane stretched between the M5-brane and the boundary 9-brane at y = 0 or y = 1 respectively. We have shown in the previous section that
(Note that the relative sign can be changed by a shift in the imaginary part of T or
Z.)
• W 3 is the contribution to the superpotential due to gaugino condensation studied in [15, 17, 4] . It is given by
where b 0 is a beta-function coefficient for the gauge group on the second 9-brane.
We are working in a region of moduli space constrained by (11) . It follows that
and hence the contribution of W 3 to the potential is much smaller than the contribution of W 2 , and will henceforth be neglected.
• W 4 is the contribution from M2-brane instantons stretched between the two "M9-branes." The contribution from a single membrane wrapping a holomorphic curve Σ ⊂ X has the form
In the case of the standard embedding ( with no 5-branes) the sum over all such curves in a fixed homology class vanishes. This happens because W 4 is just the world-sheet instanton contribution to the superpotential in the effective theory near a (2,2) vacuum of the weakly coupled heterotic string. Such superpotentials for moduli are known to be zero ( [24, 25, 26] ). W 4 is also zero for the special cases of the "non-standard embedding" arising in weakly coupled heterotic (0,2) vacua which are related to linear sigma models. For example, W 4 = 0 for the quintic in P 4 . Nevertheless, it is expected that these corrections will be nonzero for generic (0, 2) compactifications [13, 14] .
• W 5 is the superpotential coming from an M5-brane wrapping the whole X .
W 5 is of the same order as W 3 and again we can neglect it relative to the effects of open membranes.
Kahler potential for bulk moduli and charged scalars
To evaluate the scalar potential in (1) one also needs the Kahler potential
The first four pieces in this expression have already been obtained in previous papers.
We will derive a formula for K 5 below. It would be interesting to learn more about K bundle , but we will not do so in this paper. In this section we review the results for the first four terms, obtained in [16, 17, 48, 49, 50] .
The first two terms in (83) are:
To leading order in an expansion in C I the charged matter has a Kähler potential of the form
Here ZÎĴ is constructed from the metric for bundle moduli G BÎĴ as follows. First of all, G B is defined by
and depends on the Kahler moduli a i , as well as on the complex structure and bundle moduli.
Next we define K BÎĴ := e K T 3 G BÎĴ . Note that the dependence on the Kahler moduli is only through the combination T i + T i . Then we can define
where ξ i was defined in (16) , and
In formulae (87) and (85) the following restrictions on the scalar fields are assumed
The Kahler function for the complex structure moduli is
and can be expressed in terms of the periods over the A-cycles Π a and the prepotential G, with complex structure moduli expressed as π α = Π α Π 0 , a = (0, α).
Kahler potential for the M5-brane moduli
The last piece in (83) is K 5 , the Kahler potential giving the kinetic terms for the 5-brane scalars x and A. As we were finishing our project we found that ( [41] ) obtained K 5 in the special case of h (1,1) = 1. Since we got our result independently and in a different way, we will explain the derivation below.
To find K 5 we start from the bosonic part of the Pasti-Sorokin-Tonin action for the M5-brane [37]
Here the tension of the M5-brane is
11 . The other terms in the action are defined by
where Φ is the PST scalar andĈ 6 is the magnetic dual ofĈ 3 .
We wish to do Kaluza-Klein reduction of the above action along the holomorphic curve Σ. We split the coordinates in the bulk as XM = (ξ µ , X a , X a , X 11 ) where a, a = 1, . . . , 3
are indices for the complex coordinates, and ξ µ are coordinates along the noncompact R 4 .
We choose µ to run over µ = 0, 1, 2, 5. 5 The coordinates along the worldvolume W 6 of the 5-brane are taken to be y M which we split as 4 real coordinates y µ , µ = 0, 1, 2, 5 and one complex coordinate y along the holomorphic curve Σ. A natural gauge choice for the PST scalar is [38] 
While the gauge choice (94) breaks six dimensional covariance, after the KK reduction we will obtain a covariant 4-dimensional action.
The massless fluctuations of the M5 brane are described by fields
where A(ξ µ ) was defined in equation (23) . Keeping only terms of quadratic order in derivatives we obtain the following 4-dimensional action
where e = −detg µν , while g 5m and g 55 are components of the inverse of the 4-dimensional metric g µν . One should take care that g mn (3) is the inverse of the 3-dimensional metric so that
Moreover, in (95) we have
(where we have used (93)) and finally we have also introduced
One can see from (95) that integrating out H yȳ gives
Plugging the expression for H yy back into (95) restores 4-dimensional covariance and results in the action
One can now extract the Kahler potential for the 5-brane moduli. The terms in the action (96) uniquely determine K 5 to be
A check of the supergravity kinetic terms associated with K 5 shows that but there are extra terms coming from (97) and given by:
These terms are exactly cancelled by the terms coming from K S = −ln(S +S) after including an x−dependent correction to the definition of the chiral field S
Note, that the above correction R(a i β i )x 2 is of order E ef f with respect to V. There are no x−dependent corrections to the other fields at this order.
The proper interpretation of these facts is that the complex structure on field space is corrected at the nonlinear level by (99) and that the Kähler potential K S + K 5 should be written as
It would be interesting to learn if this expression is valid at higher order in the expansion in Z.
Potential in the case h
(1,1) = 1.
In the previous sections we have given formulae valid for a generic X . We will now specialize to the case of h (1,1) = 1 in order to simplify the analysis of the potential. As we have stressed above, in this case there is no net contribution to the non-perturbative potential from M2-branes stretched between the two boundary 9-branes, i.e. W 4 = 0. where ω (1),nm is, say, an integral generator of H (1,1) (X ) ∩ H 2 (X , Z). Under these conditions the Kahler metric for charged scalars (88) simplifies considerably and is given by
where HÎĴ depends only on complex structure and bundle moduli. In the case at hand
is of rank 1 and generated by a rational curve Σ. We take β = 1, which corresponds to wrapping a 5-brane only once around Σ.
The perturbative potential for charged scalars was obtained in [17] . Using the formulae from the appendix we have calculated the non-perturbative potential including explicit leading dependence on Kahler moduli and charged scalars. As mentioned in the introduction we write the full potential in the form
where, as mentioned in the introduction, we organize terms by the order in the nonperturbative superpotential. U 0 begins with the perturbative potential. U 1 results from mixing between the perturbative and nonperturbative contributions to W , while U 2 is the term of second order in the nonperturbative superpotential. The formula for the potential contains a prefactor e K . We have used the explicit results for K S and K T , and we have dropped K m and K 5 since they contribute subleading effects to the order we are working.
We now give the leading expressions for the three terms in (102) in more detail. The leading contributions to U 0 are given by
In the above formulae V =da 3 , J := Ra, where d = 6d is the intersection number on X .
The expression
comes from derivatives of W with respect to CÎ.
The D-term is given by
where T (a) are generators of the unbroken four dimensional gauge group H, and we are assuming there are no induced FI parameters.
To leading order U 1 is given by:
where we define the axion fields
There will be corrections from terms higher order in the expansion in
R . There are also corrections from multiply-wrapped membranes.
The leading contribution to U 2 is a two-instanton term
The leading piece comes from K ZZ |∂ Z W | 2 . Note that in the second line of (108) we have kept terms which are formally higher order in our expression since they multiply J/V ∼ E ef f . We have kept these because, near x = 1/2, cos(α 1 −α 2 ) = 1 the leading piece vanishes. At these points the order J/V corrections which come from K ZZ and the prefactor e K multiply zero and we can legitimately say that the leading term near x = 1/2, cos(α 1 − α 2 ) = 1 is given by the last term in the second line of (108). We will need these subleading terms in section 5.5
below. Of course, there are many other corrections of relative order
where p ≥ 1 and q > 0.
The region of validity of our result for the potential, (102), is constrained by several considerations.
• We must assume that all sizes are much bigger than the 11D Plank length.
and from these conditions it follows, in particular, that Jx ≫ 1, J(1 − x) ≫ 1.
• Since we are working to quadratic order in the Kähler potential in a series expansion in C we must have
• The effective expansion parameters should be small, or, equivalently,
• We must be able to drop E ef f corrections to each of the 9 terms in the potential. We count all the terms wich have different sructure,i.e. 5 from U 2 , 2 from U 1 and 2 from
u a | Given our ignorance regarding f a we will assume that they are O(1) and impose the stronger condition
• Finally, as mentioned in the introduction, we should stress that we are assuming that we are working at a generic smooth point in the complex structure and bundle moduli space.
5-brane dynamics
We can get some heuristic idea about the 5-brane dynamics by considering the theory on a finite volume of 3-dimensional space and keeping only the spatially homogeneous modes of the scalar fields. Even in this drastic approximation the resulting system is a very complicated dynamical system described by a particle mechanics Lagrangian with the (very) schematic
where the potential energy is
We have only kept the real parts of the fields. The philosophy behind this is that by a "Born-Oppenheimer" type approximation we expect that the axions will relax much more rapidly than the real parts into the most attractive channel. The choice of ± depends on what term is dominating, U 1 or U 2 .
The positive constants α, β and γ are functions of the complex structure and bundle moduli, but these are being held fixed in this discussion.
While the dynamical system we must study is rather complicated we can get some heuristic idea of what to expect in three distinct regions within the region of validity of our potential.
• In one region the charged scalar fields are zero, while J and V are large. The leading contributions to the potential are positive and decrease with increasing J, V . In this region the 5-brane leads to a repulsive interaction between the M9 walls. Setting C = 0 and choosing a "-" sign to set the axions in the most attractive channel in eq.(114) we get:
Note that U has a minimum in x at x = 1 2
. Expanding around the minimum x = 1 2 + y, the resulting potential is
Now we can see the need for keeping the last two terms in the expression for U 2 in eq.(108). Although we are neglecting the E ef f -corrections to the Kahler potential, such corrections multiply the leading three terms in eq.(108) which sum up to zero at x = .
On the other hand, the terms we have written, and which follow from the leading pieces in K become the leading terms at the stationary points x = 1 2
. Consequently, J flows towards infinity and x moves towards the middle of the interval. We must assume V 1/2 ≪ J ≪ V to stay within the region of validity.
• If the charged scalar fields are important in such a way that
then the leading x-dependent term in the potential is attractive:
Note that in this case we have to choose the "+" sign in eq.(114) if the axions are in the most attractive channel. Thus, if x < 1/2 the 5-brane moves towards the wall at y = 0,
and if x > 1/2 the 5-brane moves towards the wall at y = 1. Note, that in each of these two subregions U 0 ≫ |U 1 | as a direct consequence of (117). Since U 0 is the dominant term J and V will evolve to large values. Since the C field is simultaneously evolving a more careful analysis of the dynamical system would be highly desirable. But we will not do that here.
More generally, one can show that the potential (114) is non-negative at a generic point in the bundle and complex strucure moduli space, within in our region of validity (109-112), and thus predicts decompactification of both the Calabi-Yau and the orbifold interval. The argument, which is straightforward but long can be found in Appendix B.
Note that (114) is the leading potential only under our assumption that we work at a generic smooth point in bundle and complex structure moduli space. It would be interesting to incorporate singularities in complex structure and bundle moduli space in the discussion.
There are potentially many new terms in the potential that must be reconsidered. It is possible that using the known results on complex structure and bundle moduli space one can address this problem.
Conflicting instabilities
One interesting consequence of the discussion in the previous section is that there is a strong coupling dual of the Dine-Seiberg problem where the M-theory interval (and the Calabi-Yau) tends to decompactify. In the case of heterotic M-theory with the standard embedding (i.e. no 5-branes) this has already been discussed by Banks and Dine [5] , who noted that one can use holomorphy to extrapolate the weak coupling superpotential based on gluino condensation. In the presence of an M5-brane (in the case h (1,1) = 1) the above formulae
show that in the region specified by (109-112) there is a similar effect due to open membrane instantons.
It is of some interest to compare the above result with what we expect for the weakly coupled heterotic string, since our considerations are only valid at large heterotic string coupling. Indeed, the heterotic coupling is related to the length of the M-theory interval by
and we require πρR ≫ l 11 . In the regime of weak coupling and large V , the potential has been discussed in [27] . It was shown there that the effective potential is positive and behaves
This favors an evolution to weak coupling g s → 0 and large volume V → ∞. One might worry that the calculations of ( [27] ) were performed in the case of the standard embedding, and in backgrounds with other E 8 × E 8 gauge instantons one must take into account the contribution of world-sheet instantons as well [13, 14] . Nevertheless, as we have repeatedly mentioned, these effects often sum to zero [21, 22] so once again and we can use (118) in the region of small R and large V.
In view of the above, we can combine our result (102) with (118), to learn that the "true" potential goes to zero through positive values in both limits R → 0 and R → ∞.
This suggests that there must be a stationary point somewhere in the intermediate region,
i.e. at some finite value of R. The nature of the stationary points that lie in the middle of moduli space is unknown, and is, of course, an interesting and outstanding question.
Multiple covers and chirality changing transitions
It is of considerable interest to determine the nature of the low energy theory in the limit that the M5 moves into the the boundary 10-manifold. In this section we will make some comments on this limit. We will need to make some guesses and the results of this section are not as rigorous as in the previous sections. For definiteness we will consider the limit
One good reason for studying the limit x → 0 is that there are strong indications that in such limits there can be remarkable chirality-changing phase transitions in the low energy theory. This was discovered, in the present context, by Kachru and Silverstein [58] , building on [59] . The theory of these transitions has been considerably extended to many new examples in [44] .
The main new ingredient that is needed to discuss the x → 0 behavior is a multiple-cover
formula for the open membrane instantons. The fact that there must be nontrivial effects from multiply-wrapped M2 branes (at least for those stretching between two 5-branes) can be seen by considering the holomorphy of the full superpotential W as a function of Z i − Z j [8] . The instanton effects must be suppressed by a factor proportional to the volume of the stretched membrane and therefore must behave like exp[∓(
This is only consistent with holomorphy if there is an infinite series with at best a finite radius of convergence.
Multiply-wrapped worldsheet instanton corrections to d = 4, N = 2 prepotentials are known to have a universal form f (n, Σ) for an n-times wrapped curve Σ where f only depends on the topology of Σ [60, 61, 65, 62, 63, 64] . Since worldsheet instantons are special cases of M2-brane instantons we will make the working hypothesis that there is similarly a multiple cover factor f (n, Σ) for M2-brane instanton corrections to the superpotential W .
Some evidence for this can be found in [55, 56, 57] . Unfortunately, the topologies studied in the above papers do not contain our case of P 1 × [0, 1]. Therefore we will take
and make the rather weak assumption that the asymptotic behavior of f (n) for large n is f (n) ∼ n m e Jx 0 n for some constants m and x 0 . For simplicity we set x 0 = 0 although there could in principle be a shift in the location of the small instanton transition.
The constants m and δ above are unknown, but we can make some comments on them.
First, the relative phase e iδ was not important in the 1-instanton sector, where we can change the relative phase by shifting the axion ImT. It does become a nontrivial issue in the multi-instanton sectors. Nevertheless, for our analysis of the dynamics in the subregion ReZ ≪ 1 the second piece in (119) is negligible, so the issue need not concern us here.
Next, let us consider the power m in the asymptotic behavior of f (n). If we wish the chiral fermion mass term in standard supergravity to be a single-valued function of Z in a region surrounding Z = 0, then m cannot be a negative integer such that |m| > 2. Singlevaluedness implies that the monodromy of ∂ Z ∂ Z W around Z = 0 should be diagonalizable thus excluding a singularity of the type Z n log Z, n ≥ 2 in W.
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Let us now re-consider the region of validity of our expression. The infinite series for ∆W can be obtained reliably in the region ReZ ≫ 1 (where we can use 11-dimensional supergravity) and then analytically continued to the region where ReZ = Jx ≪ 1. To ensure that corrections to the Kahler function are small one must still require that
Since these conditions do not imply Jx ≫ 1 or J(1 − x) ≫ 1 we can study the physics of the 5-brane approaching the boundary.
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For definiteness and simplicity let us now assume that f (n) = n m for some constant m.
Then we have
where Li is a polylogarithm function
In this case the leading order contribution to U 1 is given by:
while the leading contribution to U 2 is
In all the cases below we will assume that the axion phases are in the maximally attractive channel.
One interesting limit is Z → 0. Here we can use the behaviour of the polylogarithm
(for m = −2 we replace Z 0 by log Z) to write out (schematically ) the leading potential at
where α, β, γ are positive functions of complex structure and bundle moduli as above and
we have set ImZ = 0.
Therefore, for small enough Jx (holding the other moduli fixed) the leading term in the
and there is a repulsive force on the 5-brane. Indeed there is an infinite energy barrier forbidding the 5 brane from hitting the wall.
One should not conclude from the above that there will be no chirality changing transition, since the axionic degree of freedom in Z can change the qualitative features of the potential drastically. Unfortunately, in order to study this question in detail just knowing the asymptotic behavior will not suffice and one needs a precise version of the formula for f (n) in order to work out the analytic continuation from Re(Z) ≫ 1 to |e −Z | = 1. For definiteness we will consider f (n) = n m where m ≥ −2 is integral.
Let us consider first the case m ≥ 0. We take Z = Jx + iπ, where Jx ≪ 1 and expand
We use the Taylor expansion for the polylogarithm
and the following useful relations
where ζ is the Riemann ζ-function and B k are Bernoulli numbers taken in the convention:
(Jx) 2 in the above Taylor expansion and keeping only terms up to (Jx) 2 we have
where we define positive numbers ν
We now analyze the potential separately for the cases of even and odd m. For even m = 2k we have the following leading potential at Jx ≪ 1
If C = 0 then for sufficiently small x the potential is attractive. If C = 0 the potential is repulsive.
Now, for odd m = 2k + 1 the leading potential is
Now the situation is opposite to the previous case. 
The force on the 5-brane is attractive only if one allows for a large vev for |C|
This is in principle possible since we only assume that |C| 3 ≪ V 3 2 and for large V both inequalities can be satisfied. If m = −2 the leading potential is
and the force is attractive only if
In both cases m = −1 and m = −2, attraction is only possible for large vev of charged scalars.
The general conclusion based on the analysis of various cases is that the physics of what happens when the 5-brane approaches the wall depends strongly on the detailed form of the multiple-cover formula.
Finally, let us comment on the relevance of this compututation to the examples studied by Ovrut, Pantev, and Park in [44] . One might at first conclude that in these examples the superpotential must vanish since the five-brane wraps a high genus curve. However, the curve wrapped by the 5-brane is not irreducible and not isolated. It can very well happen that in the long-distance expansion of the M5 and M2 Lagrangians there are terms with many fermions (typically multiplying factors involving curvature tensors) which can lift the many fermion zeromodes associated with the nonisolated high genus curve. Thus, the question of whether or not a superpotential is generated is a complicated and difficult one, involving a discussion of the measure on the moduli space of the curve and the integral over that moduli space. Considerations based on the global form of the moduli space for these curves based on the results of [66] do not appear to exclude the generation of such superpotentials.
7 The case of N M5-branes.
We will now briefly consider the potential in the case that there are N M5-branes at positions x 1 < x 2 < . . . < x N . We will assume for simplicity that all the 5-branes are wrapped over the same rational curve Σ, so that open M2-instantons can be stretched between any pair of 5-branes. Moreover, to simplify the analysis we assume that the 5-branes are more or less evenly separated. Finally, we restrict our consideration only to the leading nonperturbative potential, so we do not take into account 2-instanton contributions to W and we need only consider M2-branes between neighboring 5-branes. Similarly, we only keep the contribution of 5-9 instantons coming from M2-instantons stretching between the boundary and the nearest M5-brane. Under these conditions we will have R(x n − x n−1 )πρ ≫ l 11 , ∀n = 1, . . . , N + 1.
Neglecting E ef f corrections due to the distortion of the background, the Kähler function for the collection of 5-branes will be just a sum of Kahler functions for each 5-brane.
The potential is again given by formula (102), with the same conditions on the region of validity. The 2-instanton terms in the potential U 2 , which dominate at C = 0, are: where we denotẽ α n = a(2A n − A n+1 − A n−1 ) + χ(x n+1 + x n−1 − 2x n ) , n = 1, . . . , N
and x 0 = 0, x N +1 = 1, A 0 = A N +1 = 0. If instead we assume that
and choose a special subregion where cosα n = 0, ∀n, then the potential has the form of a non-periodic Toda-chain potential. (The kinetic energies are the standard ones, in our approximation.) As is well known, Toda theory has an exact solution, where all particles move away from each other [43] . In heterotic M-theory this signals an instability in the time evolution of the positions of M5-branes along the orbifold interval: they tend to run away from each other. At the same time Ra evolves to infinity. In short, the system explodes.
Using again a "Born-Oppenheimer" type approximation we expect that the axions will relax much more rapidly than the real parts into the most attractive channel cosα n = 1, ∀n.
This implies that the evolution with a Toda-like potential is unstable because of the axions.
When the charged vevs are nonzero we should consider instead the term U 1 in the potential arising from cross terms between perturbative and nonperturbative pieces. This is given by where W pert = ζe iφ 1 , h = |h|e iφ h are decompositions into modulus and phase and
φ n = Im(Z n+1 − Z n ) + φ 1 − φ h , n = 1, . . . , N − 1
Possible future directions and applications
A central question in heterotic M-theory is the existence of isolated minima of the potential for moduli. While most of our results predict runaway or unstable behavior (as expected) we have seen some encouraging hints. We have argued that the potential must have nontrivial stationary points in moduli space. We have also seen that a good place to look for interesting behavior of the potential is at singular loci in complex structure and bundle moduli space.
For example, if one allows some of the coefficients α, β, γ in sections 5.5 and section 6 to vanish it is easy to imagine scenarios where the potential predicts compactification, rather than decompactification.
There are many technical issues raised by the above computations which should be solved and which moreover can be solved with presently available technology.
One circle of questions includes finding the appropriate generalization of the multiplecover formula for worldsheet instantons. A related set of questions concerns effects associated with membranes wrapping higher genus curves and nonisolated curves in X . As we have seen in section six, results on these questions would have very interesting physical applications.
A second circle of questions concerns the possibility of obtaining a more concrete understanding of the dependence of the membrane determinants as functions of the complex structure moduli. It might be possible to find classes of compactifications in which one can give fairly explicit formulae for the dependence on gauge bundle moduli, although this might prove to be challenging.
Beyond the extensions mentioned above, which we believe are within reach, there loom far more difficult questions. One of the most challenging issues is to give a proper definition of Horava-Witten theory in a regime outside the validity of the expansion in (κ 11 ) 2/3 . Another difficult, and pressing, problem is that of finding ways to make definite and quantitative statements about the Kähler potential of the effective supergravity theory in a wider range of validity.
Nevertheless, even given the limitations of our computations, the results do have some interesting ranges of validity. It might be quite interesting to study more thoroughly the dynamics, both classical and quantum mechanical of the moduli in the problem. In this paper we have limited ourselves to some very heuristic and naive pictures of the dynamics.
It might also be fruitful to see if there are any distinctive features of the "modular cosmology" resulting from the above potential for moduli [54] .
10 Appendix B
In section 5.5 we asserted that, within the region of validity of our computations, the potential is always positive. Here we give the detailed proof of that claim.
The only potentially negative term in the potential is U 1 . We will show that it cannot be larger in magnitude than both of U 0 and U 2 in our region of validity. and we see that U 0 ≫ |U 1 |.
Let us now assume
From this it follows that β(1 − x) e −Jx + e −J(1−x) ≥ α|C| and hence 
Let us consider, first,the region far enough from x = 1/2. Then, for x < 1 2
, we have
and
As a consequence, U 2 ≫ |U 1 |.
In the region close to x = and it follows immediately that U 2 ≫ |U 1 |.
For the sign "-" in eq.(139) the last statement is obvious.
